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■!ij:iii-.rCl    in-^'ns- 


Introduction 

We  deal   here   with  various   properties    of   the    solutions   of 
a  large    class    of  raixed   initial-boundary  value   problems   for 
the   parabolic   equation 


"  2 

1^  -  )  a^^(x,t,u,^u)   -^^-^  =  P(x,t,u,  ^7u).  (1) 


In  particular,  we  discuss  sorae  aspects  of  the  theory  of 
uniqueness,  stabilitv,  end  behavior  in  the  Isr.^e  for  solutions 
of  (1),  trying,  wherever  oossible,  t'  reduce  our  problem  by 
means  of  an  elementary  device  to  the  study  of  an  ordinary 
differential  equation  of  the  form 


^-  =  G-(t,u).  (2) 


In  fact,  we  might  alternately  have  entitled  this  work  "What 
one  may  say  about  quasi-linear  parabolic  equations  without 
using  anything  deep  like  Greens'  functions,  Schauder  estimates, 
or  Nash' s  theorem" , 

First,  in  Section  1,  we  orove  a  comparison  theorem  for 
(1)  in  cjT-lindrical  domains  under  very  general  boundary  con- 
ditions (Theorem  1),   This  theorem  can  be  applied  tc  yield 
uniqueness  criteria  as  well  as  a  priori  bounds  on  solutions. 


Our  uniqueness  results  are  n  t  entirely  new;  as  was  pointed 
out  to  us  by  Prcf,  ?.  Hartnian,  very  similar  criteria  occur 
in  Walter  [lo]  and  in  Szarski  [8] .   Our  theorem  has  the  ad- 
vantage of  covering  a  large  class  of  cylindrical  domains  with 
unbounded  bases.   Some  of  the  ideas  used  in  extending  the 
theorem  to  unbounded  domains  can  be  modified  to  give  a  gener- 
alization of  a  well-known  result  of  Tykhonov  [9]j  as  the  proof 
of  this  theorem  is  perhaDs  surprisingly  easy,  we  include  it  in 
Section  2, 

In  Section  3,  we  discuss  uniqueness  theorems  which  may  be 
obtained  from  Theorem  1,  and  alsc  give  s  me  counter-examnles, 
to  shovj  that  non-uniqueness  may  occur  in  many  non-linear 
problems.   Section  [|.  is  a  survey  of  some  of  the  applications 
of  Theorem  1  to  the  problem  of  determining  a  priori  bounds  for 
solutions  of  (1),   In  order  to  shoi'j  the  existence  of  solutions 
of  (1)  in  time  intervals  0  <  t  <  T,  with  large  T,  it  is  neces- 
sary to  obtain  such  a  priori  bounds  in  these  intervals.   This 
is  done  here  by  comparing  the  solution  of  (1)  with  the  so- 
lution of  (2),  where  G(u,t)  is  chosen  so  as  to  majorize 
P(x,t,u,  7u)  in  some  aopr^-priate  sense,  depending  on  the  par- 
ticular type  of  boundary  value  problem  bein-j  considered, 
Pillipov   [2]  has  recently  (and  independently)  used  a  very 
similar  argument  to  obtain  a  similar  result  in  the  case  of  the 
first  mixed  boundary  value  problem  for  bounded  c^^lindrical 


domains  in  two  dimensions,   Fxistence  theorems  for  (1)  also 
depend  on  obtaining  a  priori  bounds  on  the  gradient  of  the 
solution;   for  a  discussi -^n  'f  this  more  difficult  problem, 
we  mention  Fillipov   [2]  and,  for  the  case  c  f  n  dimensions, 
the  excellent  article  of  Oleinik  and  Kruzhkov  [6], 

¥e  discuss  briefly,  in  "ection  S,    s  -me  results  in  sta- 
bility theory  and  the  theory  if  the  ssy^iTptotic  behavior  of 
solutions  of  (1).   The  main  idea  used  here  is  due  to 
Friedman  [l\.] }    in  conjunction  with  Theorem  1,  it  enables  us  to 
give  very  simple  proofs  of  several  typical  results. 

Finally,  in  Section  6,  we  consider  the  question  of  ob- 
taining estimates  v;hich  could  be  used  to  show  that  solutions 
of  (1)  blow  up  in  some  finite  time  interval,  if  P  grows  too 
rapidly  as  a  function  of  u.   The  sort  of  comoarison  argument 
used  in  Section  1;  fails  to  yield  this  s-rt  of  information  when 
the  boundary  values  of  the  solution  are  prescribed.   We  are 
able,  h.wever,  to  show,  for  example,  that  any  solution  of  the 
inequality 


n-fZ  tIt <^i(^> %' i ^<"' 
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in  a  cylindrical  domain  with  bounded  bese  (\C     e"  can  be  made 
to  blow  up  in  any  prescribed  tirae  interval,  simply  by  making 
its  initial  values  and/or  boundfry  values  large  enough.   Here, 


(a.  .)  is  of  course  positive  definite,  and  P(u)  is  convex,  and 
grows  fast  enough  at  infinity,  i,  e.. 


/  '+00   du   ^  .  ^ 


The  method  used  here  does  not  rely  on  the  rcaxiinura  principle 
but  rather  on  a  study  of  the  ordinary  differential  inequality 
satisfied  by  an  appropriate  'rourier  c  efficient'  of  u, 

yis  most  of  this  w-jrk  is  dev  'ted  to  proving  that  certain 
inequalities  imply  certain  others,  and  cs  all  of  the  inequali- 
ties obtained  may  be  reversed,  and  the  new  ones  proved  in  the 
same  way  once  the  appropriate  changes  have  been  made  in  the 
inequalities  appearing  in  the  hypotheses,  we  choose  not  to 
spell  this  out  on  each  occasion.   This  we  point  out  in  advance, 
so  that  our  descriptions  of  certain  results  as  ''uniqueness 
theorems''  or  ''stability  theorems  '  etc,  may  make  sense,  even 
though  we  continually  state  and  prove  only  one  half  of  such 
theorems . 

Some  of  the  work  which  culminated  in  this  article  was 
done  while  the  author  was  a  Faculty  of  Arts  and  Sciences  Fellow 
at  Harvard  University  during  the  academic  year  1960-61;  the 
remainder  was  done  during  the  academic  yecr  1961-62,  vjhich  the 
author  spent  as  a  Temporary  I'^ember  of  the  Ccurant  Institute  of 
Mathematical  Sciences,   Several  of  the  results  described  ap- 
pear in  the  author's  doctoral  thesis  submitted  to  Harvard  in 
January,  1962, 


■;^.l^    vj. 


1»  A  General  Comparison  Theorem 
We  are  interested  in  equations  of  the  form 


jl-/ a,j(x,t,u,.^u)  ^|J|--  =  p(x,t,u,vu).         (1) 


For  the  sake  of  simplicity,  we  consider  (1)   nly  in  cylindrical 

domains  0  =  \  x  (0,T],  where  i.  is  an  open,  connected  set  in 

e"^;  here  x  =  (x^,....,x  ),  u  =  u(x,t),  and  vu  =  (^,...,2H_). 
1  n  ..x^      x^ 

P(x,t,u,D)  is  defined  and  continuous  for  all  (x,t)  t.  Qn,, 

-00  <  u  <  +00  and  p  =  (p-|j»..,p  )  where  -oo  <  p.  <  +oo  , 

1  =  l,,.,,n,   (^f^)  ^2  defined  and  continujus  on  the  sarae  set, 

and  is,  in  fact,  syrnraetrlc  and  positive  definite: 


L^j(x,t,u,p)  -^  a   (x,t,u,p)   l,j  =  l,...,n 


and 

n 


)     a.  .(x,t,u,p)  5,^   >  0   for  all  real 


(?^,...,5^)  f   0. 

We  shall  be  Interested  v-nly  in  Sv-.luti  ns  u(x,t)   f  class 
C^'-^(Q^),  by  which  we  mean;  u,  4^,  ^,    and  -^~ 

i,j  =  l,...,n  are  defined  In  ii  x  (0,T]  and  can  be  extended 


to  r  >  (0,T]  so  as  to  be  continu  us  there,   u  is  in  fact  con- 
tinuous in  all  of  Q,^. 

Throughout  this  work  we  assume  that  -^  -    ,    the  boundary  of 
[\   ,  is  locally  an  n-1  diraensional  C   ra^nif old,  with  -  :  always 


than  necessary.   We  shall  call  E,   =  ^;(x,t)  =  (^^(x,t ) , . , .  ,£  (x,t )) 
a  (time-dependent)  direction  field  on  .^/'.,  if,  for  each  fixed  t, 
0  <  t  <  T,  i:(x,t)  is  a  function  defined  on  s.;me  subset  of   "i :  . 
with  values  on  the  unit  n-sphcre,  i,  0,,  the  set  of  n-vectors 
of  unit  length.  £  is  said  to  be  exterior  if  f;(x,t)  •  -"-(x)  >  0 
for  all  X  in  the  domain  of  5,  0  <  t  <  T,  where  >i(x)  is  the  ex- 
terior normal  to  ?:-)  at  x,  and   •   indicates  the  ordinary 
Euclidean  scalar  product.   ^;  is  celled  unif <  rmly  exterior  if 
^  6  >  0  such  that  ^(x,t)  •  ri(x)  >  5  for  all  x  in  the  domain  of 
^,  0  <  t  <  T.   Given  such  a  directi.m  field  and  a  differenti- 
able  function  ^    ,  we  use  the  notation  ^(x,t)  to  mean 
^(x,t)  •^7({)(x,t),   In  particular,  -2-i(x,t)  denotes  the  normal 

derivative  of  k>   at  (;c,t). 

We  shall  need,  occr sionally,  a  certain  furtlier  assumption 
on  -tj^,  which  we  call  Gl.  For  bounded  /'.,  a  method  due  to 
Friedman  [3]  can  be  used  to  sh.^w  tbst  Gl  is  plrsady  satisfied 
under  our  previous  hyo>  theses;  for  unbounded  .1  ,  Gl  seems  to 
depend  only  on  '^^  ).  not  wig'-lme;  to  ranidly  st  infinity. 


Gl:   ^  a  function  p(x),  defined  and  twice  continuously  differ- 
entiable  on  .  '_  such  that 

a)  -c^pCx)  is  in  the  directi.n  '/,(x)  for  every  x  •'  -Jfi  , 
i.e.,  vp(x)  =  -f^lx)  n(x),  and 

-^(x)  >  1  for  all  X  €   ^  .1  . 

b)  ^  M  >  0  such  thst  |p(x)|  <  M,  lvo(x)  |  <  M,  and 


A 


.X..X. 


M   i,j  =  l,,..,n  for  all  x  e 


Given  a  uniformly  exterior  direction  field  ^(x,t),  one 
observes  that  Gl  hss   the  following  consequence,  for  unbounded 
domains  _  «.  : 


G2;   }  a  function  r(x),  defined  end  twice  continuously  differ- 
entiable  on  jI,  such  that: 

a)  4^(x)  >  0   for  all  x  in  the  domain  of  £,,  0  <  t  <  T. 

b)  r(x)  -^  |x|  as  jx|  — >  +oo  ,  x  -   A. 

c)  T  M  >  0  such  that  |  ^r(x)|  <  M      and 


fr 


.x^SXj 


<  M   i,j  =  l,...,n,   for  all  x 


To  show  that  G2  follows  from  Gl :   Choose  x  ,  any  point 
not  on  -^  ^\ ,    and  il;(x),  any  G°°  function  which  vanishes  identi- 


callT  on  some  neighborhood  N  of  x  ,  and  assumes  the  value 
one  Identically  outside  of  some  larger  neighborhood  of  x  , 
N- ,  which  does  not  intersect  3/^,   Then,  take 


r(x)  =  \I^(x)  U-XqI  +  Kp(x) 


where  K  is   any  number  >  t   *    Q  being  the   lower  bound  for  ^    •   tj 
b)    and   c)    are   verified   at    once;    a)    follows    if  we    observe    that 


$  >  K  C    *  \-^p  -   1  >  K5   -   1, 


We  observe  that  G2  holds  trivially  if  <?  '  is  empty 
(i.  e,,  ,\  =  12  ,  which  corresponds  to  the  so-called  Cauchy 
problem  for  (1))  or  if  5(x,t)  is  defined  only  on  the  empty  set; 
(this  corresponds,  in  what  follows,  t-.  the  case  of  the  first 
boundary  value  oroblem  for  (1)), 

Theorem  1,  which  we  ort-ve  in  this  secti  n,  will  have  as 
its  consequence  a  general  uniqueness  theorem,  a  special  case 
of  which  will  be  a  uniqueness  theorem  for  the  initial  value 
problem  for  crdinary  differential  equations  of  the  form 


^   =  G(t,u).  (2) 


We  recall  a  variant  of  a  well-known  uniqueness  criterion  for 


^W'jVviw'i^JW';'  '^sa^.  ^-  t^r  V r  rv 


(2);  first,  we  need  some  definitions:   If  ^{t)    is  any  real- 
valued  function  defined  for  0  <  t  <  T,  we  define 


(t) 


h— >0  + 


i(t)  -  (|)(t-h) 
^ 


We  define  R  to  be  the  class  ,f  all  bounded,  non-negative  real- 
valued  functions  ^{t)   defined  f :r  0  <  t  <  T  such  that 


h?^>o+  ^(^-"^^  ^  ^^^^ 


for  0  <  t  <  T, 


(Equivalently,  we  may  define  R  as  follows:  ^    t  R  if  and  only 
if  for  every  e  >  0,  and  every  t   with  0  <  t   <  T,  the  set 

Jt|t  >  t  ,  (t>(t)  >  el  contains  its  greatest  lower  bound.) 

Finally,  we  say"  that  the  function  \l/(<ti,t)  defined  and 
continuous  for  0  <  t  <  T,  0  <  ij)  <  +oo  is  of  class  U  if  the 
function   (|)(t)  =  0  is  the  only  function  in  R  satisfying 


and 


^'(t)  <  \|/((l)(t),t)    0  <  t  <  T 
Ho)  =   0 


(3) 


Then,  it  is  easy  to  prove  the  following:   Let  u(t)  and  v(t) 
be  continuous  in  [0,T],  dif ferentiable  in  (0,T],  and  such  that 


10 


^  <   g(u(t),t)  (2t) 

§^>g(v(t),t)  (2") 


Suppose  g(u,t)  -  g(v,t)  <  \|;^^(u-v,t)   for  u  >  v, 

|u I , |v I  <  M,  and  0  <  t  <  T,  where,  for  each  M  >  0, 
il^j.  C"  U.   Then,  if  u(o)  <  v(o),  it  follows  that 

u(t)  <  v(t)  for  0  <  t  <  T. 

Our  comDarison  theorem  for  (1)  will  generr.lizp  this  result.   W( 
need  the  following: 

LEMIA,   If  ,[,  c  R,  and  $'  (t)  <  0  for  0  <  t  <  T,  then 
(|)(t  )  >   (l)(tp)  for  all  0  <  t^  <  t„  <  T. 

Proof:   Let  a  >  0  be  given;  consider 
\{r(t)  =  (|)(t)  -  Mt)  -  a(t-t^).   Then  \|/  c:  R,  and  ij/'  (t )  <  -a  <  0 
for  0  <  t  <  T,   Suppose  \l/(t)  =  e  >  0  for  some  t,  with 
t  £  t  <  T;  then  there  must  be  a  least  such  t,  say  ^,  and 

t,  <  T  <  T,   But  then,  we  must  have  ^    (t )  >  0,  and  this  is 
impossible.   Thus,  we  must  have 

»|/(t)  =  (j)(t)  -  (i)(t^)  -  a(t-t-j_)  <  0   for  all  t  >  t^; 


<r^-; 


u 


•    •      4>(tp)   <  'j'(*T  )   ■*■  a.(t   -t    ),    and   since   a  is   arbitrary, 

Mt^)   <  4(t3^)o 

This  lemma,  incidentally,  allows  us  to  prove  the  following 
useful  and  well-known  criterion  for  membership  in  U: 

If  il/(4,t)  <  \(t)ii(cj>),  where  X   and  [i   are  continuous, 

y^      A(t)dt  <  +00,  and,  for  every  e  >  0,  J^  ^  ~(1)'  ~  "^^^  f 

then  \I/  C  U, 

Since  our  definitions  are  mildly  unorthodox,  we  include  a 

proof  of  this  assertion:   Define  m(t)  =^^    — t~t>  ^®  show 

a  M-l  s  ' 

that 

m«  (t)    <  \(t)        for   0  <  t  <  T; 

By  the   mean-value   theorem,   we  have 

m(t)    -  m(t-h)   =  -fTTTT   f^(t)    -    Ht-h)] 

where  s-"-  lies  between  (j)(t)  and  cj)(t-h).   Since  ^   is  bounded 
from  above,  by  N,  say,  in  [t-h,t],  our  Lemma  tells  us  that 
(j)(t)  -  cj)(t-h)  <  Nh;  hence, 

lim 

h~o+  ^(^-h)  ^^(*)- 


12 


We  mav  thus  assume  that  ,  ^^\^   ^^^"^^    =  '^(^^  f°^»  i^  ^°t, 
h  -->0+ 

we  have  rri'(t)  <  0  <  A(t),   But,  then,  we  obtain  .• 


m'(t)  =  ^(^]t))    ^'^^)  <  ^(^^ 


To  complete  our  proof,  we  Invoke  our  Lemma;  we  conclude 

that  jT^^^^   7ItI7<  ^'  ^(^)^^ 
0       ^^^'  0 

which  implies  that  cj)  =  0. 

VJe  can  now  state  the  main  result  of  this  section: 
THl'OREM  1.   Let  u  and  v  be  two  functions  in  C^'-^(ap)  sati; 

fying 


^-^  -  )     a^j(x,t,u,vu)  -^—^^   <   F(x,t,u,Cu)       (It  ) 

n 2 

^  -  Y^   ^j(-,t,v,vv)  ^-  >  P(x,t,v,w)      d") 

such  that  u(x,0)  <  v(x,0)  for  x  C  ii 

and,  for  every  t  C  ( 0 ,  T  ] ,  at  every  point  x  ^  ^  A  we  have 

either    u(x,t)  <  v(x,t) 

£L  ir^^'^^   1  ji^^'^''    ^^^-^^  ?  =  ?(x,t)  is  a 

given  exterior  direction  field  (for  which  G2  holds),""' 


"See  remarks  page  18, 


i)^ 
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We  assume  that  for  all  (x,t)£  Q^^,  all  u,v,p  with 
u  >  V,  |u|,  |v|Jp  I  <  M 

P(x,t,u,p)  -  P(3^^t,v,p)  <  il/j^(u-v,t) 

|a^.(x,t,u,p)  -  a^^(x,t,v,p)|  <  \l/j^(u-v,t)   i,j  =  l,...,n 

where,  for  each  K,  M  >  0,  the  functicn  Ki!',,((j),t )  c~  u. 
(Also,  P  and  the  a . .  are  assumed  to  be  continuous  in  p; 
that  continuity  is  uniform  for  x    iL   T,   and  for  t,  u,  and 
p  in  compact  sets.   Similarly,  a^ ^  is  ascuraed  to  be  uni- 
formly bounded  for  x  C  .'*;  and  for  t,  u,  and  p  in  compact 
sets,)"  

Finally,  we  suppose  that  u  and  v  are  bounded  in  Q^, 
and  that  at  le?st  one  of  u  or  v  has  first  and  second 
x-derivatives  which  are  b  unded  in  Q^. 

Then  we  may  conclude  that  u  <  v  in  0^. 

Proof:   V/rite  w(x,t)  =  u(x,t)  -  v(x,t);  then 


>   (U) 


I-  <  ') 

i,J=l 


+  F(x,t,u,-.7u)  -  P(x,t,v,vu) 


Suppose  it  is  v  that  has  the  bounded  derivatives;  then  we 
rewrite  the  above  as 


h:UI- 


■  \=Vi.v,-:U^'H-'-:u^:vi 


Ik 


P(x,t,u,vu)  -  F(x,t,v/7v) 


II 

<  L^[w]  +  K'  2^    J  |a^j(x,t,u,vu)  -  a^^  (x,t  ,u,vv )  |       (k) 


TTFil 


+  |a^  .(x,t,u,vv)  -e^,(x,t,v,vv)  1 


+  F(x,t,u,vu)  -  P(x,t,u,vv)  +  F(x,t,u,vv)  -  F(x,t,v,w) 


3  w 


where  L^[w]  =  \  a^.{x,t ,\x,vu)j^^-j^   . 

(If  it  is  u  instead  of  v  which  has  bounded  derivatives,  we 
get  a  similar  expression  with,  for  example,  L  [w]  replacing 
L  [x'j]).   We  consider  the  function 

^{t)    =  raax(  ^^P_  w(x,t),  O). 


X 


Clearly  i(0)  =  Oj  we  want  t   sh  w  that  4  satisfies,  for  some 
K,  T'  >  0,  the  inequality 

$'(t)  <  Kil/j,^(,|,(t),t)  (5) 

and  also,  that  ^  k£,    R,   This  will  enable  us  to  conclude  that 


15 


})  3  0,  and  hence  our  theorem  will  be  proved, 

1)    Suppose  A  is  bounded.   Then,  <j>  C  R  since  ^   is  in 
fact  continuous  in  [0,T].   For  any  t  >  0,  if   <l)(t)  =  0,  then 
(5)  holds  for  any  K,  N,  since  in  fact,  !p'(t)  <  0.   If  (j)(t)  >  0, 
then  T  X  -t  A  such  that  w(x  ,t)  =  c|)(t).   Since,  f-^r  h  >  0, 
w(x  ,t-h)  <  (|)(t-h),  we  see  that 

,.     w(x^,t)  -  w(x  ,t-h) 

Mt)  <  h— >o+ : -^   (x^»t). 


If  we  can  succeed  in  showing  that  at  the  point  (x  ,t)  we  must 

have      a)   vw  =  0,  i.  e.^vu  ='^v 

and       b)   L  [w]  <  0 

then  (5)  will  follow  from  (1;),  if  M  is  chosen  so  that 


^^P  |u(x,t)|  <  M,  "^Pku(x,t)|  <  n,  and  ^^Pbv(x,t)|  <  M 

and  K  =  nK  +1.   But,  if  x  is  an  interior  p.^int  of  A,  then 
'      o  '  ' 

a)  and  b)  follow  iriimediately  by  the  well  kn'>wn  maximura  princi- 
ple, since  x^  is  a  riaxiraum  point  fcr  \<i,    and  L   is  elliptic  in 
a  neighborhood  of  x  ,   If  x  C  8 A,  then,  since 
w(x  ,t)  =  4(t)  >  0,  we  must  have  -^(x  ,t)  <  0,   But,  on  the 
other  hand,  since  x  is  a  maximum  point  f  r  w  in  j"i,  vw(x  ,t) 
is  a  vector  (possibly  null)  pointed  in  the  direction  of  the 
exterior  normal  to  5Aat  x  .  Thus,  \7w(x  ,t)  =0;  otherwise. 
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we  would  have  ^^(x  ,t)  >  0,  since  E,    is  an  exterior  direction. 
If  L  [w]  >  0  at  (x  ,t),  then  L  [w]  >  0  in  a  neighborhood  of 
X  in  A;  hence,  by  E.  Hopf's  extension  of  the  maximum  princi- 
ple for  elliptic  operators  [5]  \/w(x  ,t)  would  be  non-zero 
Thus,  b)  also  follows, 

2)    If  j'lis  not  bounded:   Our  problem  here  is  complicated 
by  the  fact  that  w  need  not  assume  its  maximum^  to  avoid  this 
difficulty,  we  approximate  w  by  something  which  must.   Define, 
f  or  e  >  0 


w  (x,t)  =  w(x,t)  -  er(x)     (r(x)  comes  from  G2)j 


^   (t)  =  max  (  ^^P  w  (x,t),0) 
^  xe  A  ^ 


We  shall  first  show  that 


J'(t)  <  Ktj^(([.(t),t)  +  a(e)  (6) 


where  K  and  M  are  as  above,  and  a(e)  -->  0  as  e  -->  0:   Let 

e  >  0  be  given,  alon^'  with  some  t,  o<  t  <  T;  if   ())  (t)  =  0, 
(6)  holds  trivially.   If   (|)  (t)  >  0,  then  ^  x   ej"l  such  that 

6  ^ 

<j)^(t)    =  w^(x^,t).      As  before,   $g(t)    <^(x^,t)    =l^(x^,t). 
At    (x   ,t),    it   follows  by  the   arguraents   already  used,   that 


i;--^    'v^d     n ?;;..« 


/;5^ 
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a)       vw       =0,    i.    e,,  vu  -  vv  =  e^-r 
and     b)        L^[w   ]    <  0,    i.    e.,   L^^[w]   <   eL^[r] 


(We   use   here    the   fact   that     -f^   =  —  -      e4j  <  4^   . ) 
(6)    then    follows    i'-nrnediately    froai   ([|.),    our    assuraotion    (u), 
and  the  properties    of   r(x).      We   now   deduce    {$)    from   (6):       (6) 
implies   that    ^   N  >  0,    independent    of  e  (fr^r    e  <  1,    ^.ay)    such 
that    0   (t)   <   N  for   0   <  t   <  T.      Since    d)    ^"  R,    (it    is,    in  fact, 
continuous),    our   Lernraa   allows   us   to   conclude   that 

Lit^)    -    <t5jt,  )   <  N(t^-tT)        for   0  <   t,    <  t.  <  T. 


Clearly,    ^   (t)    converges  pointwise   to   ^(t)    as    e   — >  0, 


^^2^'    -    ^(t    ^   1  N(t2-t^)      for   0   <   t^   <   t^   <   T 


Prom  this,  we  conclude  thct  ^   C-     R,  and,  in  adc'ition 

lim 
h  "— >  0+  ^'(t-h)  >  (l)(t)   for  0  <  t  <  T. 

iH 
I^  h  -->  0+   ^(*"^)   >    (|)("),  then    $'(t)   <  0,    and    (5)    holds   trivi- 
ally.     Thus,    we   may   assume  that   ,     ^Y'^  _       (|)(t-h)    =    't>(t), 
for  0   <   t   <  T.      Going  back  to  the    argument   used   to  show   that 
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^{t^)    '   (t,(t^)   <  N(t2-t^) 
we    see   that   N  may  be   taken   ait 

Kt,<t<t2  ^m(^(^^^^    ->^^^ait^),t^) 

as  t^  approaches  tp  frnra  bel  w.  Thus,  we  obtain  (5),  and  our 
proof  is  complete. 

Remarks..  "in  our  proof,  we  needed  the  hypotheses  marked 
with  an  asterisk  only  for  the  case  of  unbounded  A  » 

If  it  should  happen  (as  it  does  in  several  of  our  appli- 

■Ar 
cations  below)  that  /'    ;  ■■•  =  0   i,j  =  l,«,.,n,  vie   may  drop  all 

of  the  hypotheses  (u)  pertaining  to  the  a .  .  except  for  the  uni- 
form boundedness  assumption.   Also,  in  this  case,  we  need  only 
assume  that  il/.,(c|)5t)  <■"  U  for  all  H  >  0. 

To  see  that  Theorem  1  really  generalizes  the  result 
mentioned  above,  observe  that  we  may  consider  a  solution  of  (2) 
as  a  solution  of  (1)  with  F(x,t,u,p)  =  G(t,u),  any  .;'l ,  and 
suitable  ^c 


2.   A  generalization  of  a  theorem  rf  Tykhonov 
Our  assumptions  ( U)  on  F  and  the  a.  .  in  Theorem  1  are  just 
local  in  nature,  in  so  far  as  dependence  on  u  and  p  is  con- 
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cerned;  our  theorem  is  saved  by  the  fact  that  we  assume  a  priori 
that  our  solutions  are  bounded  in  A,  for  all  t  in  [0,T],   Does 
anything  like  Theorem  1  hold  with  any  relaxation  of  this 
boundedness  requirement?  For  exaraple,  Tykhonov  [9]  proved 
uniqueness  in  the  Cauchy  problem  for  the  heat  equation  under 
the  assumption  that  the  solutions  in  question  grow  no  faster 

than  e*^'"^'  for  some  a  >  0;  it  is  this  result  which  one  might 
wish  to  generalize.  V^Jg  are  unable,  hol^Jever,  to  do  anj'-thing  with 
arbitrary  P,  but  must  content  ourselves  with  the  case  where  F 
grows  only  linearly.  Thus,  our  result  is  not  completely  new, 
but  it  is  loerhaps  surprising  that  it  can  be  obtained  in  such 
generality  with  so  little  effort,  and,  in  particulsr,  without 
the  use  of  a  fundamental  solution, 

TFrOREM  2«   Let  an  unbounded  /w,  with  an  exterior  direction 
field  t,    satisfying  G2  be  given;  let  u  E  C^*  (Q^)  satisfy 

-^^  2 

where  (a.  .)  is  positive  definite  in  Q^p  (n  t  necessarily  uni- 
formly)*  Suppose  ^  H  >  0  such  that  |a  ,(x,t)|  <  M 
i,j  =  l,.eo,  n   for  (x,t)  ~  Q^  and 


20 

F(x,t,u,p)  <  in2(x)u  +  m^(x)|p| 

for  all  u  >  0,  all  p,  and  all  (x,t)  I  Q,^,  where 

ra^(x)  <  M(l+|x|)  and  m^{x)   <   M(l+lx|)^. 

Then,  If  u(x,0)  <  0  for  all  x  -Z    fl,  and  if,  for  every  t, 
0  <  t  <  T,  we  have  st   each  x  £".  <*^^ 
either    u(x,t )  <  0 

or       -TFi^f^  )  <  0 
and  if,  in  addition,  7  a,,  K  >  0  such  that 

u(x,t)  <  Ke^l^^l       for  (x,t)  ..:  Q^, 

then  we  may  conclude  that 

u(x,t)  <  0  for  all  (x,t)E  Q^, 

Proof:   We  shall  prove  our  assertion  first  in  Q-  for  some 

5  >  0  depending  only  on  i'.  ,  a,  and  ¥,}   by  replacin~  t  by  t-5,  we 

extend  our  assertion  to  Qp^  .  and,  repeating  this  often  enough, 

our  theorem  will  be  proved.  We  observe  that  if  v(x,t)  satis- 
fies, in  Q,^,  the  inequality 


■'■•.'■'K   ■>  l-'^i     '• 


:t-:;ciJ-  sbjr. 


vit.'.i^u^fitii    :^ri^ 
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It  -  ) ^ij(^'t)Tf^  <  G(x,t,v,V7v)  (8) 

where  G(::,t,v,0)  <  0   for  v  >  0,  and  if  v  satisfies  the  same 
initial  and  boundary  conditicns  as  u,  and,  in  addition, 


^^   v(x,t)  =  0   uniformly  in  [0,6] 
x| — >co 


then,  the  rersoninrr  usod  in  nrrt  1)  of  the  nroof  of  Theorem  1 
sufficies  to  sh'-w  that  v(x,t)  <  0   for  all  (x,t)'^  Q~,   Thus, 

we  define  v(x,t)  =  u(x,t)  e'-^^*  ^  ^^^^^"^^  ^  ,  where  X(t)  and  p 
will  be  specified  bel.w.   We  demand  of  Q   only  that  it  be  large 
enough  so  that 

r(x)  +  (3  >  1   in  /I, 

Then,  ^  F^  >  0  such  that  1  +  |x|  <  N-|_(r  (x)+[3 )  in  A.   Clearly, 
v(x,0)  <  0  for  all  xe  A  .   Since 


^=  e-^(*nr-.p)2|u  _2^(^^^^^3^^|r 


we  may  als.  conclude  that  v  satisfies  the  same  conditions  u  do< 
at  if  s\  ,      (A(t)  is  to  be  chosen  >  a  fcr  0  <  t  <  5,  of  course.) 


■U..),:^ 


\r^.. 


Z-y         '::: 


I   -^  ^  ^    k:.H 
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We  have 

n  P  ^  n  p    ~^  P 

-    A'(t)(r+P)2v 


+  2X(r+P)e-^^^-'P)      ■)  %.^tt 


L=t'''S; 


2XV  ^        a.      '^^ 


?  V      3r 


n 


r— — —  2 

2 
When    vv   =  0,     '/u  =  2A(r+p)v   e^^^"*"^^      ^-/r  j    thus,    v   satisfies 

(8),   where,    for    w  =  0,    and  v>0    (1.    e.,   u>0). 


G(x,t,v,0)    <    [N(\^(t)+?i(t)+l)    -    a' (t)](r+p)^v 


where  N  depends  only  on  '. ,  M,  and  a.   Thus,  v(x,t)  <  0  in  Qg, 
(and  hence  u(x,t)  <  0  in  Q- )  provided  that  \   satisfies 


x'(t)  >  N(X^(t)+\(t)+l)   for  0  <  t  <  5 


L      - 


f^  > 
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and  \(0)  >  a.   But  such  a  \   exists,  for  5  >  0  sufficiently 
small,  depending  only  on  N  and  a.   This  completes  our  proof, 

3.   Uniqueness  theorems  and  counter-examples 

Theorem  1  is  easily  seen  to  Imply  uniqueness  for  a  variety 

of  mixed  initial-boundary  value  problems  for  (1),  for  example, 

problems  where  a  solution  u(x,t)  of  (1)  is  sought  under  the 
following  conditions: 

u(x,0)  is  prescribed  for  x  €1  /V  , 

and  1)   u(x,t)  is  prescribed  for  x  tT  Sit,  and  0  <  t  <  T, 
or   2)   —(xjt)  is  prescribed  for  x  C  SA,  and  0  <  t  <  T, 

where  E,    is  some  exterior  directirn  field  (satisfying 

G2,  if  JL  is  unbounded), 
or  more  generally 

3)   a(x,t)u  +  b(x,t)^  is  prescribed  for  x  C  3  A,  and 

0  <  t  <  T,  where  a  and  b  are  -iven  non-negative 

functions,  and  a  +  b  >  0  for  x  C<^/1,  0  <  t  <  T, 

(4  is  as  in  2)  ), 
or  even 

1|)    g(x,t,u,^u)  is  prescribed  for  x  C  •JA,  and  0  <  t  <  T, 

where  g(x,t,u,p)  is  non-decreasing  when  considered 
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as  a  function  of  u  and  as  a  function  of  ^  •  p,  and 
is  strictly  increasing  in  at  least  one  of  these, 
(?  as  in  2)  and  3)),  for  fixed  (x,t),  x  C  ^r.  and 
0  <  t  <  T, 
Since  our  boundary  assumptions  in  Theorem  1  hold  for  any 
two  solutions  u  and  v  of  pr-'iblems  1)  -  Ij.),  our  assumptions  (u) 
on  P  and  the  a. .  guarantee  uniqueness  for  these  problems. 
Suppose,  however,  the  assumptions  (U)  are  not  made;  more  spe^ 
cifically,  suppose  we  assume  nothing  about  F.  As   we  have  seen, 
counter-examples  to  uniqueness  for  the  initial-value  problem 
for  (2),  in  the  absence  of  the  appropriate  restrictions  on 
G(u,t),  are  also  counter-examples  to  uniqueness  in  problem  2) 
above  (and,  in  the  Cauchy  problem  for  (1)  also),  Ps   we  need  it 
below,  we  mention  a  well-known  class  of  such  counter-examples: 
The  equation 


dt  _  ,,,a 


(0  <  a  <  1) 


(9) 


with  \1;(0}  =0 
has  the  family  of  solutions 


t(t)  =  < 


0  for  0  <  t  ^  p 


[(l-a)(t-p)]^/^"°^  for  t  >  p 


J^   iz'l 
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But,  suppose  our  problem  involves  the  prescription  of  bounda- 
ry values  of  the  solution;  then,  the  rbove  examples  no  longer 
suffice  to  refute  uniqueness.   However,  we  can  find  new 
counter-examples,  at  least  for  equations  of  the  special  form 


^  -  L[u]  =  P(x,t,u,v/u) 


where  L   is    the    self-adjoint,    uniformly   elliptic   operator 
n 


(Uniform  ellipticity  means,  of  course,  the  existence  of  a 
constant  m  >  0,  called  the  ellipticity  constant,  such  that 


1,0=1  i=I   ■ 


for  all  X  e:  A  ,  all  real  5^,,,,, 5^,)   Then  we  consider  the 
following  eigenvalue  problem: 

to  find  a  regular  (i,  e.,  C  )  solution  Mx)    of 


•L  [^]    =  \^  in  .a  (10) 


with      a(x)   +  b^^  =  0    on  ajl  (11) 


(j:^)- 


rrrt' 
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where  a(x)  and  b(x)  are  as  in  problem  3)  above,  and  ^  =  ^(x) 
is  a  time-independent  exterior  direction  field  on  ^A.   If  a(t) 
is  any  function  defined  in  (0,T]  such  that 

y  a(t)dt  =  +C0  for  every  e  >  0  (for  example,  a(t)  =  ^r) 

the  equation 


§1  =  a(t)  ^  (12) 


has  an  infinity  of  different  solutions  satisfying 
1/(0)  =  0,- 

hence  the  equation 


1^  -  L[u]  =  (A+a(t))u 


with  the  conditions   u  =  0   for  t  =  0 

and  &u  +  bi™  =  o   for  x  C  ^  j . 

has  the  infinity  of  solutions 

u(x,t)  =  <{>(x)  \|/(t),   where 


■^\\r^ 
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(},   satisfies  (lo)  and  (11),  and  i|/  satisfies  (12),  with  \J/(0)  =  0, 
(This  class  of  counter-examples  is  due,  at  least  in  a  special 
case,  to  VJestphal  [11],)   One  may  raise  the  objection  that 
F(x,t,u,p)  is  not,  in  this  case,  a  well-behaved  function  of  t 
as  t  -->  0.   To  meet  this  objection,  we  suooose  thst  a  solution 
<})(x)  of  (10)  and  (11)  exists  which  is  non-negative  in  fi 
(1,  e,,  a  solution  exists  which  does  not  change  sign  there, 
since  -^   is  always  a  solution  along  with  cj)).   Then,  if  \l/(t)  is 
any  solution  of  (9),  with  t(0)  =0,  the  function 


u  =  i!/(t)  (l)(x) 


satisfies      |^  -  L[u]  =  Xu  +  cj)  -^'V 


with  u  =  0   for  t  =  0 


and  au  +  b^  =  0  f  or  x  GT  <?i\. 


To  comolete  this  discussion,  we  should  say  something  about 
the  existence  of  the  eigenf unctions  used  above.   Much  of  the 
theory  of  such  problems,  for  bounded  J  I  ,  and  for  the  special 
case  in  which  E,   =71,  i.  e.,  the  classical  mixed  Dirichlet- 
Neumann  problem,  is  contained  in  [1],  oo,  397-^;!^,  where  it  is 
shown  that  solutions  ^  exist  fur  an  increasing  discrete  set  of 


s5.  i:^}f  r; 


ax    'Jl    i*rrjjjvf 

^'.o    7:. 3    3.;;     •.. 
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eigenvalues 


H  -  '^2  —  '^■^  ^  •  •  •  — ^  '*"°° 


and  that  the  zeros  of  h,    the  eigenf unction  corresponding  to 
the  eigenvalue  X  ,  can  divide  ^l   into  no  more  than  ra  components, 
(This  latter  assertion  we  call  Courant's  Theorem;  we  use  it 
again  in  Section  6,  below,)   In  particular,  <{>   cannot  change 
sign  in  A  ,   The  proof  given  in  [1]  is  not  completep  in  the 
generality  desired.   The  most  important  missing  part  is  the 
proof  that  the  so-called  "weak  solutions''  found  by  variational 
techniques  are  really  reo-ulsr  at  -^jl.   This  can  be  done,  how- 
ever, at  least  for  the  case  of  pure  Dirichlet  data,  i,  e,  a  5  1, 
b  =  0,  and  also  in  the  case  where  a   and  b  are  both  smooth 
functions,  and  b  never  vanishes,  so  that  we  may  rewrite  our 
boundary  conditions  as 


—  +  c (x)  u  =  0    on  a  A 


(see  [7],  for  example). 

Having  completed  our  discussion  of  counter-examples,  we 
stipulate   that  in  the  sequel,  P  and  the  a   are  always  assumed 
to  satisfy  the  hypotheses  (  U )  in  Theorem  1. 
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!j.,      A  priori  bounds   on   solutions 

To    illustrate  how   solutions    of    (1)    may  be  bounded   a  priori 
by  means    of   Theorem  1,    we    consider   first   the  Cauchy  problem, 
i,    e,,    u(x,t)    is    e   bounded   re^ulrr    s.^luti.'n   of    (1)    in 
Q_  =    /lx(0,T]    where    .\  =  e".      Suppose 

^^^  „  P(x,t,u,0)   <  G(t,u)  f  r   0  <   t  <  T,    all   u. 


If  G  is  such  th.-t  the  equation 


§^  =  G(t,u)  (2) 


has  a  solution   (}(t),  dif f erentiable  in  (0,T]  and  satisfying  (2) 
there,  and  continuous  in  [O  T],  with 

4(0)  >  .^^^-'-^  u(x,0) 

then,    bv   Theorem   1, 

^^"^   ^   u(x,t)    <      (?(t)      for    0   <   t   <   T. 
xe  E 


In  particular,   we    see   that    if 
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^^^  „  P(x,t,u,0)  <  X(t)ti(u)   for  c  <  t  <  T,  all  u. 


Where      '   X(t)dt  <       °^ 


0  ^ 


then  if  u(x,t)  is  a  bounded  solution  of  (1)  in  some  Q^,Q'<*f<i% 

with   ^"'^   u(x,0)  <  a,  then  u  is  bounded  from  above  by  a 

X  €1  E 
constant  independent  of  'I  .   If  this  is  to  be  true  for  all  a, 

r+oo 
and  X(t)  >  0,  then  we  must  have   i     ~;-"y   =  +cd   for  all  a. 


Obviously,  similar  considerations  apply  in  obtaining  a 
priori  bounds  from  below.   In  fact,  in  this  case,  because  of  the 
absence  of  boundary  conditions,  one  may  apply  the  same  reason- 
ing to  give  a  criterion  for  the  "blovdng  up''  of  the  solution: 

If         ^^-^    P(x,t,u,0)  >  G(t,u)  for  0  <  t  <  ?,  all  u 

xCe" 

where  G  is  such  that  (2)  has  a  solution  ijf(t)  with 

i|/(0)   <      ^^^  „    u(x,0),  such  that  i!/(t)    — >   +od    as  t    -->  T, 
~  X  C  E^ 

then  u(x,t)    can  not   be    a  bounded   solution    of    (1)    in  Q^;    in  fact, 

if   u   is    such   a   ftolurbicn   in   Q^    ,    then 
^"^   ^     u(x,t)    >  \Kt)    for  0  <  t   <  T^. 


xeE 


?      Oj'*- 


I;    V.    r..j:- 
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For  more  ^;-ener8l  initial-boundary  value  problems  we 
must  modify  our  reasoning.   Consider  the  first  mixed  boundary 
value  nroblem.   Suppose 


sup 


'^y,^   F(x,t,u,0)  <  G(t,u)  for  0  <  t  <  T,  all  u. 


where  G  is  such  that  (2)  has  a  solution  ^{t)    in  (0,  T] 


with       <})(0)  >  ^\^P.,   u(x,6)  (a) 

and        i(t)  >  ^^^-^., -,  u(x,t)  for  0  <  t  <  T;     (b) 


here  u(x,t)  is  a  bounded  solution  of  (1)  in  Q^.   Then,  by 

Theorem  1,    ^^'^   u(x,t)  <   (j)(t)  for  0  <  t  <  T.   (a)  and  (b) 
X  -'  f\ 

are  rather  unwieldy  conditions;  if  G   can  be  chosen  non-negative, 

then  it  is  sufficient  to  assurae  that  i  satisfies 


c|)(0)>max,  :,^^^r^^i^->0),    ^^^^^^^}:iix,t)     ]  (c) 

\^_    '  ""        0<t<T 

from  which  (a)  and  (b)  follow.   Since,  for  the  first  mixed 
boundary  value  problem,  the  expression  on  the  right  hand  side  of 
(c)  is  known  in  advance,  this  criterion  is  a  useful  one.   Simi- 
larly, to  get  bounds  frora  below,  if  we  assume 
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x^^^Q  F(^»t,u,0)  >  G(t,u) 


where  G,  now  assumed  to  be  non-oositive,  is  such  thft  (2)  has 
a  solution  ^{t)    satisfying 


^(0)  <  min  (/^^o  ^(^>°^  xCao  ^<^-t)) 


then  u(x,t)  >  \}r(t)  for  0  <  t  <  T, 

It  is  impossible  to  aoply  Theorem  1  in  this  way  to  show 

that  a  solution  u(x,t)  of  the  first  mixed  boundary  value 

problem  for  (1)  'blows  up"  in  a  finite  time:   for,  if   c|>(t)  is 

to  bound  u(x,t)  from  belovj,  vjith   (i)(t)  approaching  +ck  as 

t  -->  T  ,  then  clearly  u  must  become  infinite  on  ^  O  as  t  -->  T  , 
o'  '^  o  • 

if  Theorem  1  is  to  be  anplicable.   But  the  boundary  values  of  u 
are  prescribed,  and  t-jell-behaved.   VJe  shall  return  to  this 
question  in  Section  6,  where  we  emnloy  another  method  to  nrove 
the  existence  of  "finite  escape  times''. 

In  the  special  case  of  bounded  O,  we  may  generalize  the 
previous  result: 

THEOREM  3o   Let  u(x,t)  be  a  solution  of  (1)  in  Q^.   Sur)- 
pose  for  some  fixed  r3°  =  (p^j,..,p°)  we  have 

^^P^  F(x,t,u,p°)  <  G(t,u)     for  0  <  t  <  T,  all  u. 
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where  G  { t ,  u )  Is  non-necrative,  and  non->decreaslng  In  u  for  each 
fixed  t.   Let  d  (finite)  be  the  dlaraeter  of  n   (i,  e. ,  d  is 
the  maximum  distance  between  cnv  two  points  of  Q  , )   Then,  if 
(j,  ( t )  is  a  solution  of  (2)  in  ( 0 ,  T  ] 


with       4,(0)  >  max  (^^^^j,.  u(x,0),  ^gP^u(x,t))  +  2d  |p°  | 

0<t<T 

we  have   ^^^^O  ^^^>^^   <     i(^)     £££  0  <  t  <  T. 


Proof:   Write  v(x,t)  =  ^{t)    +   p°  .  (x-x^)  -  d|p°| 
where  x°  =  (x?,...,x°)  is  any  fixed  point  in  O. 


Then  1^ 


t  -  /     ^ij^^-^'^'^^teTdi".  =  St 
171=1  ^  J 

=  G(t,(l)  ) 


>  G(t,v) 

>  P(x,t,v,Vv) 

since  (|>  >  v,  Vv  =  p  ,  and  ^   Y   =  0  for  i,j  =  l,...n. 

Since  (|)  was  chosen  to  make  v  dominate  u  x-jhen  t  =  0  and  when 
X  £  c)  O ,  we  may  apply  Theorem  1,  to  complete  our  proof. 

In  the  above,  we  have  been  able  to  ignore  completely  the 
growth  of  the  a   as  functions  of  u  and  p.   In  attemoting  to 


3k 


aoply  similar  techniques  to  more  general  boundary  value 
problems,  however,  we  can  no  longer  find  dominatin?  functions 
v(x,t)  whose  second  partial  derivatives  (with  respect  to  x) 
vanish  identiclly.   But  vre  may  still  apply  Theorem  1,  as  the 
following  result  shows: 

THEOREM  k'      Let  u(x,t)  be  a  bounded  solution  of  (1)  in  Q^, 
We  assume  that  Gl  holds  for  O.   Let  M  and  p(x)  be  as  in  the 
statement  of  Gl ,  let  5  be  the  lower  bound  for  ^  '  ^  *    where 
£,{x,t)    is  a  given  uniformly  exterior  direction  field,  and  sup- 
pose that  ^  N  >  0  such  that 


and 


a)   ^^l^^    u(x,0)  <  N 


b)    for  every  t  with  0  <  t  <  T;  at  each  xt.  3  q. 


either    u(x,t)  <  N 
or  else   ^(x,t)  <  W, 


Write  R  =  -?-,   We  assume  that 


/^^-^|a^j.(x,t,u,p)|  <  H(t,u)   for  0  <  t  <  T, 

|p|<R 

all  u ,  and  i,  j  =  l,.,.,n,     and  that 


^^P^F(x,t,u,p)  <  G(t,u)  for  0  <  t  <  T,  all  u. 


X 

lpi<R 
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where  H(t,u)  and  G(t,u)  are  both  non-neggtlve,  and  non-de- 
cree sing  in  u  for  each  fixed  t.   Then,  if   (j)(t)  is  a  solution 
in  (0,T]  of 

(|)'  (t)  =  G(t,(f))  +  n  R  H(t,(|)) 
with       (|)(0)  >  N  +  2R 

we  have    ^^^ ^   u(x,t)  <  ^{t)        for  0  <  t  <  T. 


Proof:   Take  v(x,t)  =   (|)(t)  +  ^  p(x)  -  R.   Then, 
v(x,0)  >  N  >  u(x,0)   for  all  x  C  Q.   For  0  <  t  <  T,  and  any 
X  €1  n  ,  if  u(x,t)  <  N,  then  u(x,t)  <  v(x,t),  since 
v(x,t)  >    (|)(t)  -  2R  >  N;  if  |F(x,t)  <  M, 
then      ^-^(x,t)  <  ^(x,t),  since 

|^(x,t)  =  I  ^(x,t).   Vp(x)  >  }J. 


Sine 


e     '^  <  <|)»  ^^^    i^'^  I  ~  T    I^Pl  5,  F**  ^"^^  h?ve 


^  '  )  ^J^"'^'^*  ^)^xT  ^  i  (t)  -  n  R  H(t,v) 

i,j=T  ^   J 

>  G(t,(|,)  +  n  R  H(t,cj)) 

-  n  R  H(t,v) 

>  G(t,v) 

>  F(x,t,v,vv). 

Applying  Theorem  1,  our  proof  is  comnlete. 


kS 


To  answer  this,  we  must  be  able  to  bound   ^  _  u{x,t)  from 

X  e  Q 

below;  this  we  do  in  the  following  theorem, 

THEOREM  8 .   We  suppose  that  O   is  bounded,  and  that 

u(x,t)C  C  *■'■  in  Qrp,  and  satisfies  there 

^   -  L[u]  >  G(u,t)  (15) 

n 

where  L  =  ^^     ^  (a.  .(x)^)  is  a  self- ad  joint 
/     ^^i    ■'■J    '^■^■\ 

uniformly  elliptic  differential  operator  with  smooth  coef- 
ficients  (in  0-^(0  ),  say)  and  G(u,t)  is  a  convex  function  of  u 
for  each  fixed  t  >  0.   Let    ^(t)    satisfy 


1^  =  G((|),t)  -  X3_(chk(t))      for  0  <  t  <  T, 


and 


i(0)  =  ^^^^^u(x,0), 


where  k(t)  =   ^  .  _u(x,t),  and  where  \^    is  the  first  eigenvalue 

for  the  problem     -L[\!/]  =  At  in  O 

with  ij/  =  0  on  a  O  . 

Then,  we  have       x^'^^O '^^^'''^  ^  -  ^^^^  ^^  0  <  t  <  T. 

Proof:   By  Courant's  Theorem,  the  eigenf unction  ^(x) 
corresponding  to  A, ,  does  not  change  sign  in  O  .  We  may  thus 


^s) 


i.  i:MC 


^  =);••;'?:- -'Si  #■' 


.a  v^W  <  (■^-. 
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5.   Asymptotic  behavior  and  stsblli ty 

In  obtaining  the  results  of  the  previous  section,  we  were 
content,  roughly  soeslcln  ,  to  exploit  the  feet  thst  the 
elliptic  part  of  our  parabolic  operator  could  not  hurt  us  too 
much;  in  this  section  we  attempt  to  exploit  the  fact  that  the 
elliptic  part  can  actually  help  in  obtaining  a  priori  bounds. 
To  that  end,  we  assume  thet  all  of  the  differential  operators 
of  the  form 


which  figure  in  what  follows  are  uniformly  elliptic  in  Q 

[=  n  X  [0,00)]  with  elliPticlty  constant  >  m.   Here,  vje  assume 

only  that  O  is  bounded  in  at  lepst  one  direction,  i.  e., 

}  two  prrellel  n-1  dimensional  hyperplanes  such  that  O  is 

contained  in  the  slab  between  them,   I'e  may  assume  thrt  these 
hyoerplanes  are  given  by  the  equations  x^  =  0  and  x^  =  h,  if 
necessary  performing  a  rigid  motion  in  order  to  bring  this 
about.   We  need  the  following  lemma,  which  is  proved  implicitly 
by  Friedman  [l^]    in  even  greater  generality: 

LEIMA.   Given  C  >  0,  ^  P^  >  0  and  (j)(x)  C  C^(0),  with 
^(x)    >  1  in  O  ,  depending  only  on  C,  m,  and  h,  such  that 

-L[<^]    >  1  +  3   i  +  C|V(j)|   in  O  , 
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for  every  L, 


Proof:  ¥e   look  for  a  function  of  the  form 


XR 


Xx, 


c|)(x)    =   6        -   e     •'■  where    \  and   R    are  positive   constants   to  b( 
determined.      Since 


■L[c|)]    >  mA      e      ^ 


we   try  to   choose    X   and  R   so  that 


mX"^  e  >  1   +  P^(e^-e     ^)    +  CXe      ^, 


First  we  choose  X  large  enough  so  that 


2 

mX  >  CX  +  1  ; 


then  we  choose  R  large  enough  so  that 


XR    Xh  >  1, 
e   -  e   — 


Finally,  if  we  take 


R  -  mX^  -  CX-1 


we  satisfy  all  of  the  conditions  necessary  to  complete  our 
proof. 
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For  use  below,  we  write 

We  deal  here  only  witb  the  first  mixed  boundary  value 
uroblem.   None  of  the  results  of  this  section  are  true  for 
problem  2)  of  Section  2,  ss  is  seen  by  considering  solutions  u 
which  depend  only  on  t,  not  on  x.   In  order  to  extend  the  present 
method  to  more  general  boundary  value  problems,  one  would  have 
to  generalize  our  Lemma  in  the  obvious  direction.  We  content 
ourselves,  however,  with  a  few  sample  results,  x^/hich  are  of 
interest  here  mainly  because  their  proofs  are  so  trivial,  in 
the  present  context. 

The  first  theorem  in  this  section  is  essentially  a  soecial 
case  of  Theorem  1  in  [l\.] ;    the  nroof  we  give  is  merely  a  para- 
phrase of  that  in  [[).],  shortened  somewhat.   Let  us  remark  that 
since  we  do  not  assume  that  O  is  bounded,  and  since  we  intend 
to  apply  Theorem  1,  v'e  must  assume  that  the  solutions  u(x,t) 
which  appear  below  sre  bounded  in  each  Q  ,  0  <  T  <  +gd  (the 

bound  may  de^oend  on  T,  of  course).   In  addition,  we  assume,  as 

—   2  1 
always,  that  u  >^  C  '  ,  this  time  in  Q^ , 

THEORFM  5.   ?UTDOose  u(x,t)  satisfies,  in  Q^  , 

1^  -  L[u]  <  P(x,t,u,Vu)  (13') 
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where         F(x,t,u,p)  <  a(x,t)  +  (3(x,t)a  +  c|p|     Hk) 

for  u>0,  x<r:  O,0<t<oo, 
and  all  o . 

Suppose  further  that 


lim      ,  sup   ,   .  xx    ^ 


;nd  lim      r  ^^P  aCv  -t- ^  >  ^  R    (Po  ^^  ^^  ""-^^ 

~-  t  ~>  +CO   ^xCQ  P^^'^^'  <  f^o    ° 


Lemma,  depending  on  C. )   Then,  if 


^    (  ^^^^  ^u(x,t))  <  0 


it  follows  that 

lim     /  sup 


>.oo  (xFo  u(x.t))<0. 


Proof!   Given  e  >  0,  we  may  choose  T^  >  0  lar  e  enough 
sup 


so  that  for  t  >  T^  we  heve    ^  r-^  rS   ct(x,t)  <  e 


^^P   (3(x,t)  <  6 

x€  O 


i^o 


and 


sup 


X 


G,o  •'(-'*'  S  -■ 


sup 


Let  M^  =  X  e  o"^^*'^o^'   '^^®"»  write 

e/An     (T  -t) 
v(x,t)  =  (2e   +  M^e    °   °    )  ^{x) ; 


we  wish  to  apply  Theorem  1,  but  this  time  in  the  cylinder 

O  X  (T  ,00),  i.  e.,  in  the  cylinder  O  x    (T  ,T],  for  arbitrarily 

large  T:   We  observe  thct  for  all  x  CO  ,  we  have 


v(x,T  )  >  TI  >  u(x,T  );  also, 

v(x,t)   >  2s  >  u(x,t)    for  X  £  d  O,  t  >  T^, 


Finally,    vje    observe   that   for  t   >  T    , 


^  -  L[v]    >   -  I        cl)(x)    +    2s     +   3qV   +  Civvl 


>e+Pv+c!vv 


>  a(x,t)    +  6(x,t)v   +   Civvl 

>  F(x,t,v,Vv). 


Thus,    by  Theorem  1,    u(x,t)    <  v(x,t)    for   t   >  T^,    x   C  O   ;   but 


(•i- 


il-1 


lim 
t   -->  0+ 


^c'ro^^(^>^)^   =  2eA, 


and   since   e   was   arbitrary,    our  proof   is   complete. 

Remark,    Supnose  we   know  a  priori  that   u(x,t)   <  M  in  Q      ; 
then,    in   order   to  Drove   Theore'~i  5,    we   need   assu'ne   that    (11;) 
holds    only  for   0<u<AM  +  5   and  0   <    |p|    <  BIT  +  5,    for    some 
5   >  0,      For,    since  v(x,t)   <    Ml  +  5,    and    |Vv(x,t)|    <  BM  +  5    (pro- 
vided that    e      is    small   enough)    our  nroof   goes   through  unchanged. 
Armed      with  this    observation,    we   next    attack   a    "stability 
theorem"    in  which  all  we  need  know   is   the  behavior   of  F  for 
small   u  and    |p | , 

THEOREM  6,      Suppose   u(x,t)    satisfies    (13)    in  Q^ ,   where 
P(x,t,u,p)    <    (Po+|)u  +  C|p|      for   X    C    n. 

0<t<oo,    0<u<a,    and  0   <    |p  |    <  b, 
where   a   and  b   are   any  fixed  numbers  >   0,      Then,    given    e     >  0, 
i  6   =  5(e  )    >  0   such  that 


and  ^1^.^-^      u(x,t)    <   5  for  0  <   t   <   +oo 

then  ^"P     _u(x,t)  <  e  for  0  <  t  <  +oo 

X  fl    O  ~ 

Proof:      We  may  assume   thct  e  <  min(a,  — );    if  not,   we  may 

replace  e      by   somethinT   smaller.  Take   5   =  •?>,    and 
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v(x,t)  =  J     (|)(x),  and  apply  Theorem  1  in  Q 
Since  ^  -  L[v]  >  J  +  p^v  +  C  |Vv| 

>  iv  +  p^v  +  C |Vv I 

>  P(x,t,v,Vv), 

our  proof  is  immediate,  via  Theorem  1. 

COROLLARY.   Suppose  u(x,t)  satisfies  (13)  in  Q  , 

where         F(x_,t,u,p)  <  p(x,t)u  +  clp|   for  x  C  O  , 

0  <  t  <  +00  ,  0  <  u  <  a, 

and  0  <  |p I  <  b; 

furthermore,  suppose   ^^^   P(x,t)  <  p  +  i 
X  e  Q 


and 


lira     ,  sup   « ,   .  V  »   r> 

X  t  n 


Then,    4   5   >  0   such  that    if      ^'^P_u(x,0)   <  5, 

X   ^  Q 


xC^S  (f^""'^^  5.  ^>      for  0  <  t  <  +CD  , 


„„ ,        lim  ,    sup  /      .  V  X        ^ 

^^^  t  ->  4-cD   ^xeao^^^**^^  ^° 


-      r.rT.T      „ 


k3 


it   follows   that 


lira  ,    svco 


t 


::>  +CO  (  "  _  ^(^'*>)  1°' 


Proof:   Apply  Theorem  6  first,  choosing  5  so  small  that 

-  _  u(x,t)  <  e  for  0  <  t  <  +00  ,  where  e  is  such  that 
X  e    O 

Ae  <  .a  and  Be  <  b.  Then  ar^ply  Theorem  5,  and  the  remark 

following  it, 

V/e   conclude   this    section  vjith   a   quantitative   restatement 
of   the   corollary   above,    in  which  we  oredict   how  fast   the   so- 
lution decays,    given  more   detailed   information   about  F  and  the 
boundary  values    of   u. 

Tiro::" 'I  7.      Suppose   u(x,t)    satisfies    (13)    in  Q    ,  where 

F(x,t,u,p)   <   a(x,t)   +  (3(x,t)u  +  c|p|      for   x   e     O, 

0  <   t   <   +00  ,    0  <  u  <   a ,    and  0  <    |  p  |    <  b , 

Let   N  >  0   satisfy  N  <  t,    N  <  ^,    and    suppose  that   4   two  numbers 
Y        and  6  vjith  0  <   y  <     i  and  0  <   5   <   +co    such  that 

^^P_a(x,t)   <    (1-  YA)Ne-^^, 

X  e  O 

^^P  _P(x,t)    +  6   <     Y   +   (3^, 
and  ^^P^u(x,t)   <  Ne"^^  for  0  <  t  <   +oo  . 
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Then,      ^'^P_u(x,t)  <  ANe"^^         f  or  0  <  t  <  +cx) . 

X  C  O 

Proof:   Take  v(x,t)  =  Ne'   (i)(x);  then  v  <  AN  <  a,  and 
|Vv  I  <  BN  <  b.   Thus,  v  satisfies 

1^  -  L[v]  >  -5v  +  Ne"^^  +  p  V  +  C  |Vv  | 
o  t        —  o 

>  -5v  +  a(x,t)  +  YANe"^*  +  P^v  +  C  jVv  1 

>  (Y+p^-5)v  +  a(x,t)  +  clVv| 

>  P(x,t,v,Vv), 


We  again  complete  our  proof  by  applying  Theorem  1. 

The  only  thing  even  slightly  remarkable  about  Theorems  6 
and  7  is  the  local  nature  of  the  assumptions  on  P  j  it  should 
be  emphasized,  however,  that  our  results  merely  assert  that  if 
a  solution  exists  with  smell  boundary  values,  its  (?rowth  is 
determined.   Nothing  is  said  about  whether  such  a  solution 
exists,  or  how  the  gradient  of  a  solution  must  behave, 

6.  Finite  Escape  Times 

We  return  here  to  a  question  raised  in  Section  i;:  When  do 
solutions  u(x,t)  of  (1),  which  satisfy  given  boundary  conditions 
become  infinite  as  t  -->  T^,  where  T^  is  some  finite  number? 


k^ 


To  answer  this,  we  must  be  able  to  bound   ^'^^   u(x,t)  fr( 

below;  this  we  do  in  the  following  theorem. 

THEOREM  8,   We  suppose  that  O   is  bounded,  and  that 

2  1 
u(x,t)CI  C  »   in  Qm,  and  satisfies  there 


^   -  Lfu]  >  G(u,t)  (15) 

n 

where  L  =  )     ^r^  (a.  .(x)-^)  is  a  self -ad  joint 

/ ox.         ij        ox. 

uniformly   elliptic   differential   operator   vjith   smooth  coef- 

f icients    (in  C    (o  ),    say)    and   G(u,t)    is    a   convex  function   of   u 

for   each  fixed   t   >  0,      Let         (|)(t)    satisfy 


and 


i^  =  G((|),t)    -   X^(  ci)-k(t))  for   0  <  t   <  T« 


i(0)    =  ^^^^^^u(x,0). 


irf 
where   k(t)   =   ^.^'-,  ^u(x,t),    and   where    X,    is   the    first   eip;envalue 

for   the  problem  -L[\|/]    =   A\|/  in   O 

with  \I/  =  0  on    d  O  , 

Then,   we   have  ^^r^u(x,t)   >    (j)(t)   for   0  <  t  <  T. 

Proof:      By  Courant's   Theorem,    the   eigenf unction  ^(x) 
corresponding  to   X,,    does  not   change   sign  in    o    .      We  may  thus 


■■if^d-^n  H'x;./ 


i:^&. 


-:y,^:>..„   -irVi 


.SC/iO.vrjaJV- 


vp^<i>/)r/;c  - 


ke 


take  \|/(x)  >  0  in  O;  furthermore  we  may  assume  that 


/   \|'(x)dx  =  1,   We  define 

u(t)  =  f     u(x,t)  \I;(x)dx 


=  (u(t),)!/),  using  the  ord 

2 
L  -scalar  oroduct  nota 


dinary  I 
tion  _J 


We  multiply  both  sides  of  {!$)   by  t(x),  and  integrate  over  O  : 

f^U 

We  have  v-^-p,  i|/) 
t;   furthermore, 


We  have  \$^,   ^)    =  4r>  since  u  is  continuously  dif ferentiable  in 


by  Stokes  Theorem,  where  d-T    is  the  element  of  n-1  dimensional 
surface  area  on  c)  O  ,  and  ^   denotes  differentiation  with  re- 
spect to  the  conormal  direction  field,  given  by 


n 
^(x,t)  =  (^^,...,^^)  where^^(x,t)  =  V"  •a^j(x,t )  ti^.(x) 

for  i  =  l,...,n.  This  is  obviously  an  exterior  direction  field 
(see  Section  1)  since  (a*^,-)  is  positive  definite.  Since  Stokes 
Theorem  gives  also 

i,  j,=l  '' 


kl 


and   since  \1(  =  0  on   SO,    and    (a.  .)    is   symmetric,   we  have 
(-L[u],^)   =   -(LM/],u)    +f      ^  u  d<r 

Since  /  \^  dx  is  a  positive  measure  of  total  ^pss  =  1  on  :'<., 
and  since  G(u,t)  is  a  convex  function  of  u  for  each  fixed  t, 
Jensen's    inequality  gives   us 

/      G(u(x,t),t)   \|/(x)dx  >  G(     /     u(x,t)    \l/(x)dx,t) 
=    G(G(t),t). 


Thus  we  obtain 


1^  >  G(u(t),t)  -  X.u(t)  -f   4|  u  d 


Let  us  estimate  the  last  term  on  the  ri  ht  hand  side:   Since 
\!/  assumes  its  minimum  value,  zero,  at  every  point  of  S  O, 
V  \!/  must  be,  at  every  sucb  noint,  a  vector  pointing  in  the 
direction  of  the  interior  normal  (but  possibly  null).   Since  4 
is  an  exterior  direction  field,  we  have  4^  <  0  for  all  x  Gl  b  O; 
thus,f   41  u  d^  <  k(t)/   -^  d7-.   But,  applying  Stokes' 
Theorem  again,  with  the  functions  i]/  and  1,  we  obtain 


\^    =   X,  [    il/(x)dx  =  -(L[il/],1)  =  -f   H  d^. 

Therefore, 

/    -TP  u  d^r"  <  -X, k(t):   thus  we  have 

u'(t)  >  r-(u(t),t)  -  A-L(u(t)  -  k(t)). 

Since  u(0)  =  <^{0) ,   we  may  awply  the  snecial  case  of  Theorem  1, 
mentioned  in  Section  1,  to  conclude  that 

u(t)  >   (|)(t)   for  0  <  t  <  T. 


Since      ^^  _u(x,t)  >  u(t),  our  proof  is  complete, 

X  e:  n 


In  particular,  if  ^(t)    — >  +co  as  t  — >  T^,  so  does 
^^^   u(x,t).   We  illustrate  this  with  the  special  case  of  the 

equation 


-^  -  L[u]  =  F(u)  (16) 


where  P(u)  is  convex  and  positive  for  u  >  u  ,  and 

Z+OD  du_^_  ^  +00,   Suppose  we  try  to  find  a  solution  u(x,t) 
J  r{U.i 


i^9 


of  (16)  in  Qm,  such  that  m  <   u(x,0)  <  M  for  x  G    n,  and 
k  <  u(x,t)  <  K  for  X  rZb  O    and  0  <  t  <  T,   How  large  can  T  be? 
We  assume  that  m  and  k  are  large  enough  so  that  m  >  m  and 
P(u)  -  X-(u-k)  >  0  for  u  >  m.   Then,  Theorem  6  tells  us  that 
such  a  solution  must  become  infinite  as  t  -->  T  ,  where 


^   ^    .,+00       du 


J: 


°    ^m   fH^'J'^^u^^^ 


Moreover,    the   discussion  in   Section  l|.   assures   us    that 

^o  ^  J.  fTTTT  • 

max  {M,K) 

Thus,  we  obtain  estimates  from  above  and  below  for  the  escape 
time  for  (1^). 
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FOOTNOTE 

It  has  been  brouprht  to  our  sttention  that  similar 
results  have  been  obtained,  but  only  with  assuniTDtions 
on  the  global  behavior  of  P  as  a  function  of  p,  by 
R.  Narasimhan  in  his  article,  "On  the  asymptotic  stability 
of  solutions  of  parabolic  differential  equations",  Journ. 
of  Rat.  Mech.  and  Anal.,  3,  1951)-,  PP.  303-313. 
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